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1. Learning Outcomes

After reading this chapter, you should be able to understand how to derive
reduction formulae for the following functions

> Isin”xdx,
.[cos"xdx,
.[tan”xdx,
Isec”xdx,

J.sin " xcos " xdx,
I(Iogx)”dx,

7

> Isin"xcosmxdx etc.
0

and how to apply them to find the value of the integrals.

N7 A A \ 7 W 74
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2: Introduction:

In this lesson we will study a different method of integration to evaluate the
integrals. Integration by parts is one of the effective and most useful
methods to evaluate the integrals having an expression involving products or
logarithm or inverse trigonometric functions, which cannot be solved directly
using standard integral methods. We need to integrate powers of some
trigonometric functions and their products in many problems in engineering
and physics. In this chapter we will discuss the techniques to derive these
kinds of integrals and derive some standard forms using this technique.
Using the method of integration by parts, we will try to reduce a given
integral in terms of another simple integral.

3: Reduction Formulae:

A standard technique to solve the complex problems is to reduce the given
problem into similar problem but with lesser complexity. Sometimes
integrand depends not only on the independent variables but also on the
value n, called the parameter.

For example in order to evaluate

Icos”xdx

we may convert it into a relation which requires the solution of
J‘cos"*1 X COS X dX

and will get
cos"*xsinx
+
n
Thus if we apply this formula repeatedly, the exponent can be reduced to 0
or 1, accordingly n is even or odd.
We can also use this technique to evaluate the integrals of the type

Isin ™ xcos" xdx

Icos”xdx = nr:l).fcos”‘zxdx,

by reducing the power of m and n to small values like 0, 1, 2... etc. Since
this process connects the given integral with another of the same type with
reduced power, the relation obtained is called reduction formula.

Value Addition: Definition

Reduction Formulae: A formula of the form
.[g(x,n)dx:h(x)+J.f(x,k)dx , Where k < n,

is called the reduction formulae.
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Example 1: Show that the integration of J'x” e**dx depends upon x and also
on n, which is exponent of x.

Solution: Let In:J'x" e**dx, on integrating by parts, we have

eax n ~ eax
Inz_[x” edx=x" ——.[x" e dx= 1 =Xx"———1
a a a a

Thus, the integration of J'x” e**dx depends upon x and also on n.

n

n-1

4: Reduction Formulae for Trigonometric Functions:

4.1: Reduction formula for J'sin”xdx, n being a positive integer

greater than unity

Let
In:_[sin”xdx :J.sin”‘lx sinx dx (n>1)

(we can rewrite sin " x as sin " x sin x)

Using method of integration by parts, we get

|, =sin""x Isinxdx{j(d(Ljsmxdx]dxj

—sin"" xcosx+(n- 1)jsin“‘2xcosxcosxdx
= —sin"" xcos x+(n— 1)J'S|nn2 (1 sin x)dx
= 5 xcosx+(n 1)j5|n”2xdx (n— 1I3|n X dx
(n-1)1

=—sin""xcosx+ (n-1)1,_,—(n-1)I,

I, +(n=1)1, =—sin"*xcosx+ (n-1)1_,

—sin"? n-1
| = Sin xcosx+( )In_2 L

n n

which is valid for n = 2.
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Example 1: Integrate (i)Isin6xdx (ii)J.sinsxdx
Solution: (i) Let I, = j sin® x dx,,

sin"* xcos X +(n—1)
n n

by equation (1), we have | =— |,

Putting n = 6, we get
—sin®xcosx 5
= ————+=,
6 6
Repeating the same for n = 4 and 2, we have

—sin®xcosx 5(-sin®xcosx 3
| F o

g 6 6 4 4

—sin®xcosx 5[ -sin®xcosx 3( —sin xcosx 1. . ,
I. = 3 +€ h +Z : +Ejsm xdx

—sin®xcosx 5 . 4 5 . 5
|, =———=———— SIn” XC0sX——SIN_XCO0SX+—X
6 16 16
(ii) Let
Iszjsinsxdx
proceeding the same as in part (i), we have

—sin*xcosx 4 ., 8
|, =————————5in® XCOS X—-— COS X
5 15 15

Value Addition: Note

Derivation of reduction formula is valid for all values of n except n = 1. For
negative integer n = -m, I_m=J'sin’mxdx=jcosec”‘xdx, which will be derived in

next section.

4.2: Reduction formula for J'cosec”xdxn being a positive integer

greater than unity

Let
I, = .f cosec” x dx :Icosec“‘2 X cosec” x dx

By using method of integration by parts, we get
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d (cosec”‘2 x)

| =cosec"? x jcosecz X dx — j 5
X

I cosec? xdx |dx
=—cosec" % xcot x—(n—Z)Icosec”*3 X COSec X cot x cot x dx

— —cosec"? xcot x—(n—Z)Icosec”‘2 X(cosec * x—1) dx
= —cosec"? xcotx—(n—z)jcosec” X dx+(n—2)J'cosec“’2 x dx

=—cosec" 2 xcotx— (n-2)1, +(n-2)1,_,

I, +(n—2)1, =—cosec"? xcotx+ (n—2)1,_,

P n-2 =2
| cosec" © xcot x +( ) -, .. (2)
=1 n-1

which is valid for n > 2.

Example 2: Integrate Icosec“xdx :

Solution: On putting n = 4 in equation (2), we get

—cot xcosec? x 2
8

—cotxcosec’ x 2

= ——cot x
3 3

4.3: Reduction formula for jcos”xdx, n being a positive integer
greater than unity

I cosec? xdx= I cosec? x dx

Let
[, :.[cosn xdx :_[cos"‘1 X cos x dx
using method of integration by parts, we get

1, =cos"" x [cosxdx— I[Mjcosxdx}d

=cos" xsmx+(n 1)Icos”‘2xsinxsinxdx
Lysinx+(n— 1.[005"2 (1 cos x)dx

(n-1)
" xsinx+(n- 1)Jcos“2xdx (n— 1J.cos X dx
(n-1)1

=cos" " xsinx+ (n-1)1,_,—(n-1)1,
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I, +(n—=1)1, =cos" ™" xsinx+ (n-1)1_,

"1 xsi n—1
| Cos" xsinx +( ) | e
n

which is valid for n > 2.
Example 3: Evaluate (i) [cos*xdx (i) [ cos® xadx
Solution: (i) Putting n = 4 and 2 in equation (3), we get

cos ®xsin x 3

jcos“xdx Icos X dx

cos® xsinx 3] cosxsinx 1
~ o s
4 4 2 2
cos®xsinx 3cosxsinx 3
4 8 8

(ii) putting n = 5 and 3 in equation (3), we get

cos *xsin x 4

jcossxdx— jcos X dx

+— J'cosxdx
5 5 3

cos* xsinx 4cos®xsinx 8 .
= + +—sinx
5 15 15

4.4: Reduction formula for Isec”xdx, n being a positive integer

_ cos” xsinx 4{(:05 xsmx 2

greater than unity

Let
I, =jsec” X dx =J‘s;ec”*2 X sec’ xdx

using method of integration by parts, we get

1, =sec"* x [sec’ xdx{j{%jsee xdx]dx}

=sec" % xtan x— (n—2)|sec™ 3 xsec x tan x tan x dx
=sec" % xtanx—(n-2 _[sec sec X— 1)dx

(n-2)
“xtanx—(n- 2).|'sec x dx+(n-2) J'sec”xdx
(n=2)1, +(n=-2)1,_

n

=sec"® xtan x—
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I, +(n—=2)1, =sec"?xtanx+ (n—-2)1,_,

n-2 _
| _Sec xtanx+(n 2)I

= — s . (4)

which is valid for n > 2.

Example 4: Integrate IseCGde
Solution: Putting n = 6, 4 and 2 in equation (4), we get
sec‘xtanx 4

sec‘xtanx 4| sec’xtanx 2 -
= +— +—Isec x dx

fsecﬁxdx: J.sec“xdx

5 5 3 3

sec “xtanx 4sec’xtanx 8
= o +—tanx
5 15 15

4.5: Reduction formula for jtan”xdx, n being a positive integer

greater than unity

Let

In:_[tan” x dx :_[tan”’2 X tan® x dx

=_[tan "2 x (sec? x—1)dx= _[tan -2 y sec? xdx—_[tan "“2xdx ..(5)

Value Addition: Do you know ?

J(£ ()" (x)ex Ay

m+1
tan"* x
n-1

Similarly, jtan”‘zxseczxdx= +k

Therefore, from equation (5), we have,

tan"* x
n-1

1,=[tan" xdx = - ..(6),

which is the required reduction formula for [tan" xdx .

4.6: Reduction formula for jcot"xdx, n being a positive integer

greater than unity
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Let

I, :J'cot” x dx :J.cot"‘2 x cot? x dx
:J‘cot”’2 X (csc? x—1)dx
=J.cot”‘2xcsczxdx—jcot"‘zxdx (7
As from the previous example, from equation (7), we get
—cot" " x

| =|cot"xdx =———= —| .(8),
n J- n—l n-2 ()

which is the required reduction formula for J'cot" xdx .
Example 5: Evaluate (i)jtansxdx, (ii)jcot5xdx

Solution: (i) Putting n = 8, 6 and 4 in the reduction formulae obtained in
equation (6), we get

7 7 5
jtansxdx:taIn X—jtanf’xdx:tan X X—J'tan“xdx
7 7 5

tan’x tan®x tan®x

= a7 0 a5 = a3 —Itanzxdx
tan’ x tan®x tan®x

S s —j(seczx—l)dx
tan’ x tan®°x tan®x

= SR —tan X+ Xx

(ii) Putting n = 5 and 3 in the reduction formulae obtained in equation (8),
we get

—cot* x —cot*x cot®x

cot® xdx = —| cot® xdx= + | cot xdx
] ] ]

—cot*x cot®x :
= + +logsin x
4 2

4.7: Reduction formula for j(log x)" dx

Let
I :J'(Iog x)" dx
By using method of integration by parts, we get,
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dx

. :J'(Iog x)" dx =(logx)" J.dx—J.[d(lo—gx)njdx]dx

=x(logx)" —n_[(log x)“%x dx=x(logx)"-nl,,

~1,=[(logx)"dx =x(logx)"-nl,

Which is the required reduction formula for [(logx)" dx .

Example 6: Write reduction formula for Ixm(log x)n dx
Solution: On integrating by parts, we have

m+1

m n n et n1 1
J'x (log x) dx::Hl(logx) _mLJrl-[X *(log x) l;dx

m+1

...J-Xm(log X)n dx :r):]+1(|09 X)n —ﬁjxm (|Og X)nil dx

is the required reduction formula for J'xm(log X) dx™

4.8: Reduction formula for Isin” xcos™ x dx

Let
Inym:J'sin”xcos”‘xdx
If m =1, then
Hesh -+ 1
] g + k,wheren=-1
Inyl:J'sm” xcosxdx=4 n+1

In|sin x|+k, wheren=—1
So, we take m > 1, and we get,
1, = [sin" xcos™ xdx = [ cos™* x(sin" xcos x)dx
By using method of integration by parts, we get,
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cos™* xsin"™ x B . .sin"tx
I = —(m—l)J.cosm 2 x(-sinx) dx, whenn=-1
’ n+1 n+1
cos"txsin™tx m-1¢ . B
- + _[ sin" xcos™ 2 x(l—cos2 x)dx,
n+1 n+1
_cosm‘lxsin””xJr m—1[ I ]
n+1 nepb mmozo nmp
Ly m-1 _n+m, _cos’“’lxsin””xJr m-1
M gl IR n+1 A et
cos™ ™ xsin"™'x m-1
or, I, .= + o ...(10)

n+m n+m

Value Addition: Cautions

This formula is not valid when m+n = 0. So, when m+n=0, we take n = -m
and get

Iny,n:_[sin‘"‘xcosm X dx =J. cot™ x dx,

which we have already derived in section (4.6).
Similarly if we consider n > 1 instead of m >1, and proceeding in the same
way, we can derive

_—cos™* xsin"*x  n-1

.= + [ pibngim== 0. (12
: n+m n+m

Example 7: Evaluate

Isin“xcoszxdx

Solution: Putting n = 4 and m = 2 in equation (11), we get
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3 =3
.[sin“xcoszxdx =M+§jsin2 X cos? x dx
6 6
—cos®xsin®x 1 |-cos®xsinx 1 )
- += +—jcos x dx
6 2 4 4
3 =3 3 H
_ cos” Xsin"x  cos XSInX+—1I1(1+COSZX)dX
6 8 82

—cos®xsin®x  cos®xsinx 1 |
= = +— X+ —Sin2Xx
6 8 16 32

™ 1 { , b o B 6 }
=—X+—C0S X4{—CO0S™ XSIN~ X——C0S" XSINn X+—SINn X
6 8 16

r g x+lcosx{—(1—sin2 x)sin3 x—§(1—sin2 x)sin x+£sin X }
16 (3] 8 16

1§ 41 el | T 3. 3 3
=— X+—=C0SX<SIN” X+SIN° X| =1+ — [+SINX| ——+—
16" 6 4 48

1 . 3,
=-—X+—C0S X4Sin> Xx—=sin> x—=sin X
16 6 4 8

Example 8: Write reduction formula for J'xm cosn xdx

Solution: On integrating by parts, we have
nSinNX m

jxmcosnxdx:x —— [ x™*sinnxdx
n n
sinnx m ,cosnx m-1 -
=x" ——[—xm 1—+—J'xm 2cosnxdx}
n n n n

sinnx mx™*cosnx m(m-1 ’
=l + - _ it - )Ixm 2 cosn xdx
n n n

nx"sinnx+mx™"*cosnx m(m-1). .,

> = . Ix cosnxdx
n n

is the required reduction formula for jxm cosnxdx .

Ix”‘ cosnxdx=

5: Determination of the value of definite integrals
7

5.1: Reduction formula for J'sinn X dXx,
0

we have
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% s on-1 7l2 % %

. —SIn" " XCOoS X n-1¢ . ._ n-1¢ . ._
Ism”xdx= | + Ism" 2xdx:—J‘smn 2x dx,n>2.
0 n ‘O n 0 n 0

by repeating this formula we have

P 7
7 n 1‘n ‘;’-n i--%%Idx,whennisevenananZ.
n n-2 n-
sin" x dx= ;
0 - ¥ - 2
j 1-” 3-” 5---f-gjsinx dx, whennisodd and n>3.
Ne"M—2"Ns 4y 583 ¢
4 n_l-n_3-n_5---E-l-z,whennisevenand n>2.
i n n-2n-4 42
or,jsm X dx= p, 3 —
0 i n—2‘n—4 ----- £, whennisodd and n>3.
n g 192 %
% T
Example 9: If | = f x"sinx dxand n >1,then provethat I, +n(n-1) In—ZZn(E
0

Solution: On integrating I, by parts, x” as first function, we get
b/ A
1, =[x"(~cosx) | * = [ nx"* (~cos x) dx
0

=0+n {(x”’lsin x)}O — j (n—1)x""?sin x dx :n(%jn_l_n(n_l) '[ «"25iM X dx

0 0

5.2: Reduction formula for J'cos” X dx,
0

In the same way we can derive and get
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n-1 31~

” L 2.” i...Z.E.E whennisevenand n>2.
n n-2 n-—

Icos”xdx: L no3 no5 4 2
n—2 nN-o - 2 =, whennisodd and n>3.
n n-2n-4 53’

Example 10: Evaluate (i)_[sing X olx,(ii)jsin10 X dx,(iii)J. cos® X dx,(iv)j cos® x dx
0 0 0 0

Solution: (i) We have

4.9 8 6 42 128

jsm XOXx==-=-—-—=

4 9753 315
(ii) we have

% 97531 ~x_63

—7
1086 42 2 512

4 2 8
Icos Xdx==-—=—
5.3 .15
(iv) we have
7 Sf SN T 5
Icos XOX==-—-—p—
A 6 42 2 32
7

5.3: Reduction formula for jsm xcos™ xdx, where n and m are positive integers

By equation (11), we have,

m+1

xsin" ™ x
n+m

—COS

Isin" Xxcos™ X dx = A Ism” 2 xcos™ x dx
n+m

Taking the limits O to % on both sides, we get,

12 Ty L 12
S . n —cos™ " xsin" x| n-1%" . ., o
I, ,= | sin" xcos™ xdx = + sin"~“ xcos™ xdx
R n+m | n+m g
=1, =71
n,m n+m n-2,m

interchanging n to n-2, n-4, n-6 and so on, we obtain
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| n-3 _ n-5 _ n-7
n-2,m m+n_2 n-2,m? "n-4,m m+n_4 n-6,m? "n-6,m n+m—6 n-8,m ***
l; n==——1I.,,,whennisodd, I, . I, »Whenniseven,
w34+ m
7l2 l 7l2 7l2
Also, 1, = j sin xcos" xdx=——and |, . jsinoxcosmxdx: j cos™ x dx
‘ 0 m+1’
Substituting for I, ., 1, ,andl .1, , weget,
7l2
= N LG Mo - Icos”‘xdx,whenniseven
™ nem nem-2 nem-4  2+m
and I, VOGFOVES o = 2 , whennisodd
"M m nem-2 n+m-4 3+m m+l’
nsl *p=3 n=5 1 m—lm—3 1
A N & - T hemakwT - T —,whenniseven, miseven
™ nem nem-2 ntm-4 2+m e L2
and I, Wp 1=l n_® a xm_l-m_g~-~E,whenniseven,misodd
"M m n+m-2 n+m-4 2+m m m-2 3
7 7
Example 11: Write down the value of (i)jsin“xcosSx dx,(ii)jsinexcosgx dx
7
Solution: (i) jsin“xcosf’xdx:g-l-ﬂ-g:i,
g 9753 315
) 7 5 3 17531x_57m
(i) Ism xcos® XX L —. .= .= .~ .2

141210 8 6 4 2 2 4096

0

Summary:

Reduction formula is a formula which expresses a given integral in terms of
another simple integral. In this chapter we have derived reduction formulae
for the followings.

) —sin"*xcosx (n-1), . .
> j3|n”xdx: +( )I5|n”2xdx,
n n
cos"*xsinx (n-1
+
n

> Icos” xdx = Icos "2 xdx,

1
X —jtan "2 x dx

> Itan”xdx :tan
n
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_ n-2 n_2
> Icsc”xdx= cse XCOtX+( )Icsc”‘zxdx
n-1 n-1
n-2 n-2
> Isec”xdx=Sec xtanx+( )J'sec"‘zxdx,
n-1 n-1
PO |
> Icot”xdx _—cot’ X —Icot"‘zxdx
n-1
o 0 COS@M RSN X m—Le . -
Ism xcos ™ xdx = i Ism xcos ™2 xdx ,m>1
n+m n+m
g —cos™txsin"tx n-1
. - J'sin”‘zxcosmxdx,n>1
n+m n+m
> I(Iog X)" dx =I(Iog x)" dx =x(log x)n—nj(log x)" dx,
7 n_l.n_s.n_5-'-§~£—,Whennisevenandn22.
N n-2 n-4 4 2
> jsm X dx= 1 3 5 49
0 Ll el wl) il =, whennisodd and n>3.
n n-2n-4 5 3
7 n_l-n_3-n_5---gl-z,whennisevenandn22.
2 : n n-2 n-4 4 2 2
> jcos X dx= 1 3 ]
0 N UsoRl =, whennisodd and n>3.
n n-2 n-4 5 3
n—l_ n-3 n->5 1 ><m—1_m—3m££

N+m n+m-2 n+m—-4 2+m m m-2 2 2
whenniseven, miseven
n-1 n-3 Ate, It Xm—lim—3__
n+m n+m-2 n+m-4 2+m m m-2
whenniseven, misodd

rl2
> I sin" xcos " xdx =
0

We have used method of integration by parts to derive reduction formulae
for integrals. These are the formulas that express an integral involving a
power of a function in terms of an integral that involves a lower power of
that function. It has been also observed that by using this method we can
derive many integrations related to algebraic and trigonometric functions.

Exercises:

(1) Evaluate :
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(a) ['sin ® xdx (b) [ cos * xdx (0) [ tan " xdx
(d)jcscsxdx (e)jsec5xdx (f)J'cotgxdx
(2) Show that
-2 6 5 1 - { 7 l 5 5 3 5 }
Ism XC0S ® XX =—— X+=8iNX4—C0S ' X+=C0S° X+——C0S * X+-— COS X
128 8 6 24 16
(3) Show that

jtan 2 xsec * xdx :%tan 3 x+%tan ¥ X

(4) Evaluate :

72 l2
(a) I sin *° x dx (b) I cos ™ x dx
0 0
7l2 72
(c)'[sin“xcossxdx (d) Isinexcos7xdx
0 0

(5) Evaluate

7l4 n

(a) [ tan®xdx (b) [ cos *5xdx
0 -
7l2 zl4

(c) I csc * x dx (d) J. sec ° x dx
7l4 0

(6) Prove that

@) '([xz(l—xz) olx:a—”2 (b) '([x“,/(az—xz)dx:s—j;az

X™ cos nNx .m x"*sinnx  m(m-1)

n n® n°

(8) Obtain a reduction formula for jcos,m xsin n x dx

(7) Prove that jx"‘ sinnxdx=— Ix”‘*zsinnxdx

(9) Obtain a reduction formula for jcosm xsin nx dx
7 1

(10) Ifl,= j xsin" x dxand n >1,then provethat I, o=t I+
. n n
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